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The Naval Space Surveillance System is a network of radio frequency interferometer stations designed to detect
satellites. Angular metric data from the system are used in real time to update the catalog of known space objects
maintained by the U.S. Air Force and Naval components of United States Space Command. For many years the
system has operated with a near real-time calibration of the detector electronics but without a rigorous tie to an
external reference frame. One way to establish such a tie is by comparing system measurements with data derived
by satellite laser ranging. In principle, public-domain laser ranging data on geodetic satellites can always be used
to generate a few high-precision reference orbits whose ephemerides can be compared with surveillance measure-
ments. In the right circumstances special laser tracking data on any suitable satellite can be taken simultaneously
with surveillance measurements and compared directly. Both approaches offer benefit to space surveillance oper-
ations, and both have been demonstrated in previous work. This analysis initiates the analytical investigation of
how precisely errors can be resolved in the surveillance measurements, using laser ranging derived data. Equa-
tions are presented, which relate Naval space surveillance uncertainties to reference data uncertainties in explicit
terms. Simple geometric measurement models are considered, rather than detailed physical measurement models,
in order to provide fundamental understanding of how errors transform in the two types of calibration considered.
The resulting formulas are suitable for deriving calibration requirements and simplified error budgets, either

analytically or by numerical simulation.

Nomenclature m = east-west direction cosine in surveillance measurement
A = azimuth of surveillance station frame
measurement frame N. = local north unit vector at calibration station
Ar = satellite laser-ranging (SLR) receiver telescope area Npe number of photoelectronsavailable in laser-ranging
c = speed of light detector
E, = localeast unit vector at calibration station N; = local north unit vector at surveillance station
E; = localeastunit vector at surveillance station N; = local porth unit vector 1n
E, = localeast unit vector in surveillance measurement surveillance measurement frgme
frame n = north-south direction cosine in
E, = energyin transmitted laser pulse sur_veillgnce measur CH}QHt frame
e = eccentricity of geodetic reference R. = calibration station position
ellipsoid; also, base of natural logarithms R, = distance from geocenter to surveillance station position
Gr SLR transmitter gain R, = surveillance station position, (X, Y;, Z,)T
. . . _ ; s T
G} = optimum SLR transmitter gain r = satellite position, (x, y, Z_) o
H, = geodeticlocal vertical unit vector at calibration station T, = SLR one-way aFmospherlc transmission factor
H; = geodeticlocal vertical unit vector at surveillance station I. = SLR one-way Cirrus clouq transmlsglon factor
H! = local vertical unit vector in surveillance measurement t = observationtime at surveillance station )
frame u. = line-of-sightunit vector from calibration station
h = Planck’s constant to satellite ) ) )
K = proportionality constant in simultaneous-track variance u;, = line-of-sightunit vector from surveillance station
relation to satellite
k = north polar unit vector 6E = nominal position uncertainty in satellite reference
ephemeris
ém = uncertainty in surveillance east-west direction cosine
- én = uncertainty in surveillance north-south direction cosine
) Recei\./ed'ZO July 1999; revision rec.eived lQ vaember 2000; accepted 8S = nominal position uncertainty in
for publication 27 Nov;mber ZOQO. This mate'rlal is declqed a work of'the surveillance station location
U.S. Government and is not subject to copyright protection in the United _ . . s s s .
States 6 = nominal surveillancedirection-cosineuncertainty
* Aerospace Engineer, Code VNS5T, 5280 Fourth Street; schumach@nsc. de = uncertaintyin SLR-measured elevation z.ingle
navy.mil. Senior Member AIAA. 60 = SLR total angular measurement uncertainty
TEngineering Scientist, Code 7215, 4555 Overlook Avenue, SE. 80 = nomlna} SLR bore51ghtpomtlng.uncertalnty (itter)
Project Engineer, 7515 Mission Drive. 8y = uncertainty in SLR-measured azimuth
$Physicist, 5280 Fourth Street. e = elevation angle of satellite at calibration station
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np = quantum efficiency of laser-ranging detector

ng = SLR receiverefficiency

nr = SLR transmitter efficiency

0r = SLR beam divergence half-angle

07 = gain-optimum SLR beam divergence half-angle

A = longitude of surveillance station

Ao = wavelengthof laser

p. = slantrange between calibration station and satellite
ps = slantrange between surveillance station and satellite
o = laser target apparent cross-sectional area

¢ = geodetic latitude of surveillance station

¥ = azimuth of satellite at calibration station

I. Introduction

URVEILLANCE of spaceby the Naval Space SurveillanceSys-

tem, commonly known as the Fence, and by two dozen other
U.S. Army and U.S. Air Force tracking systems is the primary way
United States Space Command maintains comprehensive space sit-
uational awareness. The Fence is unique in the inventory of surveil-
lance assets and contributes a large share of the observational base
for the catalog of trackable space objects. About 80% of all known
space objects eventually make detectable passes through its field of
view, including 87% of all satellites having orbital periods below
1100 min.

In essence, the Fence is a multistatic continuous-waveradar inter-
ferometer consistingof three transmittersand six receiversdeployed
on a great-circle arc across the southern United States. The station
beam patterns overlap in such a way that all detections and mea-
surements are made close to the nominal great-circle plane, which
is inclined at 33 deg to the equator. Some details about the system
can be found in Ref. 1. The Fence system as a whole detects about
22,000 satellite passes daily, a number determined mainly by the
orbital kinematics of the current population of about 9500 track-
able space objects. On average, each pass through the Fence plane
is illuminated by two transmitters and detected by four receivers.
The resultis that more than 160,000satellite detectionsare recorded
daily. For each detection raw signal phase and amplitude measure-
ments from each receiver are processed by means of interferometric
algorithmsinto a pair of direction cosines giving the apparentangu-
lar position of the target. The detections are made, and the direction
cosines are produced without any a priori knowledge of the satellite
population. Subsequently, the cosines are associated with known
space objects in real time.

Traditionally, the Fence data quality has been assessed in terms
of statistics on cosine residuals computed with Brouwer-type mean
elements for the cataloged orbits. By this measure, the nominal
cosine precisionis about0.0002 in rms sense. Additionally,internal
phase calibration of the antenna and detector electronics, applied
every 30 min, provides a measure of the apparentnoise floor of the
metric data. This value is approximately 0.00001 rms in units of
direction cosine (10 urad on a zenith pass) and is believed to be
almost constant over time.

The difficulty with these statistics is that they do not provide a
true assessment of Fence metric performance. The cataloged mean
elements are derived from general perturbation orbit models whose
known errors are larger than the expected random measurement er-
rors in the Fence system. Moreover, the rms statisticdoes not distin-
guish systematic from random errors. The internal calibration does
compensate for some systematic effects as a resultof localizedenvi-
ronmental and physicalchangesin the antennaand receiver systems,
but cannot provide any measure of absolute system accuracy. Previ-
ous results with Fence data show that surveillance data calibration,
together with orbit model improvements,does permit more accurate
orbit solutions for the space catalog.> However, a true assessmentof
Fence accuracy and precision can be obtained on a practical basis
using satellite laser ranging (SLR). The present work describeshow
precisely Fence data can be calibrated using SLR techniques.

II. Two SLR-Based Calibration Methods

Two different methods of calibrating Fence data have been inves-
tigated. The advantagesand limitations of each have been discussed

in Ref. 3 in terms of precision and space surveillance operational
needs and are summarized here.

A. Ephemeris Method

The public availability of globally distributed, SLR data for sci-
entific payloads at differentaltitudes makes possible the continuous
production of high-precisionreference ephemerides for these satel-
lites. For example, geodetic work sometimes requires satellite posi-
tions to be estimated a posteriori to within several centimeters in an
Earth-fixed frame. However, any ephemerides with position errors
of as large as 10 m are potentially useful for calibrating present-day
spacesurveillancemeasurements, as long as they can be interpolated
to the times of the surveillanceobservationsof those objects. Use of
postfitephemerides of SLR-tracked satellites for Fence data calibra-
tion is now being implemented for surveillance operations because
of the reliability with which continuous, high-precision reference
orbits can be produced. One disadvantage of the postfit ephemeris
method is that there is a latency of about three days in the reference
data. Given the present-day capacity of SLR tracking systems, this
lag is necessary if known and nearly uniform ephemeris quality is to
be maintained for reference satellites over a wide range of altitudes.
Real-time calibration would be possible if prediction ephemerides
were used. However, predictionephemeridesare not now being pro-
posed for operational Fence data calibrationbecause the calibration
precision would be poorly known.

B. Simultaneous-Track Method

An alternative to using prediction ephemerides for calibration
is to make SLR measurements of a target simultaneously with the
surveillance measurements and comparing these data directly. The
proximity of an SLR site to a Fence receivermeans that satellites will
often be in common view of both stations. If a sufficiently precise
three-dimensional position of a satellite can be computed directly
from SLR ranges and measured telescope angles as it crosses the
Fence, then a near real-time comparison of Fence data with simul-
taneous SLR data can be made without the complexities of high-
precision orbit determination. This type of comparison might serve
as an occasionalspot-check calibrationand could aid in making cer-
tain equipment adjustments at the Fence stations. A key question,
which has been raised in previous work,! is whether co-locating the
SLR station with a Fence station benefits this type of calibration.
Also, the practicality of simultaneous-track calibration depends on
at least two other factors:

1) Tasking: SLR operations are sensitive to weather, which can
affect yield over a site. Additionally, existing SLR facilities often
have competing missions to accomplish.

2) Precision of SLR and telescope-derived position: With most
SLR systems, because of beam divergence coupled with boresight
pointing errors, the position uncertainty is almost entirely caused
by uncertainty in the SLR measured angles.

III. Precision of Ephemeris Method

Each Fencereceiverstation contributesa pair of directioncosines
reckoned in the local horizontal plane as defined next. The geo-
metrical relation between satellite positionr = (x, y, z)7 and Fence
direction cosines measured at the same time at one of the Fence
receiver stations is

r=R, +up; o))

where p; is the slantrange between the Fence station and the satellite
(Fig. 1). It is assumed that light-time correction has been taken into
accountin obtaining the satellite position from the ephemeris: given
aFenceobservationreckonedat time ¢, the correspondingephemeris
time is t — p, /c. The local topocentric frame at the Fence station is
defined by an orthonormal vector basis (H;, E, N;), representing
the local geodetic vertical (positive up), local east, and local north
directions, respectively. An azimuth rotation around the local verti-
cal through angle A, positive east of north, defines the Fence local
frame (H, E', N';) in which the direction cosines are reckoned:
H =H,, E,=E;cosA— N,sinA

s

N,=E ;sinA+ N cosA 2)
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Fig.1 Sighting geometry for simultaneous-track calibration.

Then
1 —m? —n?H, + mE, + nN, 3)

where m and n are the nominal Fence observables. From Eq. (1) the
line-of-sightunit vector is equal to

u; = (1/p,)(r — Ry) )
so that the components of interest are

m=(1/p)E] (r—R,), n=(~1/p)N/r—=R,) (5)
Now consider variations of m and n with respect to variations in
ephemeris position and station position. Conceptually,m = f(x, y,
z, Xy, ¥, Z) so that

af af af af af af
sm=Lsx + Lsy 4+ s 5X, + ~LsY, + —L527,
M Tttt N ot gz
6)

For an approximate error analysis assume that all variations on the
right-hand side are uncorrelated so that their net effect is described
by a quadratic sum*>:

2 2 2
m)? = (—gf) 6x)* + (—af) 6y)* + (—af) (82)*
X dy 0z
of of \* of '\’
2 - 2 I 2
+(ax ) 6X,)" + (an) 6Yy) +(azx) ©6Zy)” (1)

There is some freedom in how the variations in this linearized
error description are interpreted. For example, each squared vari-
ation can be taken as the variance (squared standard deviation) of
the quantity, when it is convenient to do so. For now, this expres-
sion can be simplified by assigning the same nominal value to each
component of ephemeris error, and likewise for each component of
station location error:

dx =0y =205z=0F, 8X,=0Y, =8Z,=8S  (8)

so that Eq. (7) can be written as

m)? = f( f) BE)? + BIJ; (BIJ;) 89)? )

Given nominal errors in the ephemeris and station location, this
formula gives the correspondingerror in east-west direction cosine.
This cosineerror is the smallest that can be resolved by comparisons
with the reference ephemeris. In practice, correlations always exist
among the components of position error, and so some contributions

H,=|R,|"'R,,

to the cosine error magnitude are omitted from Eq. (7). However, the
nominal position errors in Eq. (9) can be chosen to try to make up
for that omission. In many real cases the correlation terms missing
from a general error formula like Eq. (7) are not well known so that
one has to make some conservativeassumptions about the nominal
errors in order to arrive at useful results.

Although the concept is simple, obtaining explicit expressions
for the gradients and their inner products involves some algebraic
manipulation. The steps are as follows. The functional form of m is
givenby Eq. (5) as f =g(r, Ry, p, E.); therefore, the chain rule is
used:

of 98  08dp 1o
or or dp, ar p, °
1 ap, 1 3p,
+|——ETG¢-R) | L= 22 (10)
P or p, * p or
Squaring Eq. (1), obtain p? = (r — R,)” (r — R;), and by differenti-
ation
005 1
L e — (=R (1)
o ps
Then Eq. (10) becomes
) 1 1
—f=—E’T - —zm(r—Rs)T (12)

or pg °

s

and the coefficient of nominal ephemeris error is

(N L
Br(ar) py(l m’) (13)

The gradient with respect to Fence station position is more compli-
cated. The chain rule is

B B dg dp, 0g OFE
S _ 98 . 98 3p. 08 OF, (14)
oR, OR, 0p, IR, OE, OR,
so that
B 1 1 1 OE'
i __1 El +—=m@Er—R) +—(@r—R) — (15)
OR, Ps p? s OR,

Most of the complication occurs in the latter partial derivative
(Jacobian matrix). The Fence local east unit vector depends on
the local topocentric basis vectors, as shown in Eq. (2). The lo-
cal topocentricbasis vectors are functions of station position via the
definitions

H, = (cosgcos A, cos@sin, sing)”
E, =(—sink,cosx, 0)

N, = (—sing cosi, —singsin A, cos )7 (16)

where ¢ is the geodetic latitude. If the squared eccentricity of the
geodeticreferenceellipsoidis neglectedcomparedto unity, arelative
error of less than 1% is introduced in the last term of Eq. (15),
namely, e* = 0.006694, approximately® This approximationallows
the local topocentricbasis vectors to be expressedin simple explicit
terms of station position:

= Ik < H,|"'k x H,, Ny=H; xE,
a7

where k constant in an Earth-fixed frame. The chain rule is now
straightforward though lengthy. The final result, the coefficient of
nominal station position error in Eq. (9), is
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i(i)Tzi(l iy 20 e T—mi—m

R, \ OR, 0?2 ps R

1— 2 _ 2 H
+ i + mone —2cosA+2m(mcos A
R2 psR; cosg

s

+n sinA)-i—L(n sing — 2 cos @ cos A 1—m2—n2)i|
%

R, cos
(18)

where R; = ||R;]|.
The special case of zenith pass over a Fence station (m =n =0)
is instructive because Egs. (13) and (18) reduce to simple forms:

T T 2
%(%) _L i(i) Z(L+L) (19)
or \ or 0} OR; \ OR; ps Ry

Moreover, inspection of the full expressions (13) and (18) shows
that the first three terms of Eq. (18), which are always positive, take
their maximum values on a zenith pass. The remaining terms have a
factor that is proportional to one of the cosines, and so the terms will
be sometimes positive and sometimes negative, depending on the
pass geometry. Hence, for a set of many passes, randomly selected,
the zenith passes will tend to be the worst case for the ephemeris-
methodcalibrationprecision. This fact makes the simple zenith-pass
formulasuseful for quicklyestimatingcalibrationrequirements.The
“worst of the worst” cases will be, on average, low-altitude zenith
passesovera station (p, < R, ), for which the ephemerisuncertainty
and the station location uncertainty affect the resolvable east-west
cosine error in almost the same way.

Some representativenumericalresults for the zenith case are sum-
marized in Table 1. Nominal satellite altitudes have been used for
four real calibration candidates, slant ranges have been set equal
to altitude, and station position magnitudes have been set equal to
the Earth equatorial radius of 6,378,137.0 m. A nominal station
location uncertainty of 2 m has been assigned as representative of
survey precisionfor existing Fence stations. Nominal ephemeris un-
certainties have been taken from previous work.> These ephemeris
uncertaintiesare typical of “quick-look” three-day fit precisions that
are expected in reference data for Fence calibration. For all four ex-
ample satellites the level of cosine error estimated to be resolvable
by the ephemeris method is well below the current system noise
floor of 10-purad standard deviation at zenith.

The analysis for north-south direction cosine proceeds in exactly
the same way. An error relation analogous to Eq. (9) is developed,
using the functional form of n given in Eq. (5):

T T
a ! a ! a ! a !
(5n)? = a_J; (a—i) (SE) + % (%) 65?2 (20

The coefficients turn out to be

B_f’(B_f’)TZL(l _n2)

or \ or p? @D

and
Sf (B Tzi(l—n2)+2(l_"2) Lom?—n?
OR; \ IR, 2 ps Ry
1—m?—n? m sin @ .
+ 72 + > R.cosg +2sin A — 2n(mcos A

+nsinA)+L
R, cosgp

(m sing +2cosg sin Av1 —m? —nz):|

(22)
These formulas reduce to the same form as Eq. (19) for a zenith
pass, and otherwise have the same properties just mentioned.

IV. Precision of Simultaneous-Track Method

The basic geometrical relation between Fence direction cosines
and simultaneous SLR measurements is

RC + uCpC =RS + uSpS (23)

In terms of local topocentric basis vectors, as shown in Fig. 1, the
SLR line of sightis given by
u.=H_.sing + E.cosesiny + N, cose cosyr 24)

Solving Eq. (23) for the Fence measured line-of-sight unit vector,
obtain

us; = (pc/,os)uc + (1//0Y)(RC - RY) (25)
so that the components of interest are
m= (pc/,ox)[(E;THc) sine + (E;TEC) cose sinyr
+(ETN.) cose cos ] + (1/p)E (R. — Ry) (26)
n= (pc/px)[(NgTHc) sine + (NQTEC) cos & sinyr
+(NTN,) cose cosyr] + (1/p)N (R. = R,) @7)

These expressions give the direction cosines in the functional form
m= f(u., E, pc, ps, R, Ry). Considering variations of the direc-
tion cosines with respect to variations in SLR measurements and
station locations, one needs the chain rules

am _ df am _ 9f du, am _ of du, 28)
e 0pe de  Ou, e’ Y du. 0V
dm _ df  df dp, | df OE
R, OR, = dp, OR,  OE/ 0R,
am 9 af dp.  df du.
_f f dp f (29)
dR.  OR. dp. OR.  du. OR,

The variations with respect to station positions are lengthy expres-
sions, as before. However, the variations with respect to SLR mea-
surements are easy to derive. Moreover, the relative uncertainties
in measured angle are expected to be much larger than the relative
uncertainties in measured range for SLR systems. Therefore, for a
first investigation of the errors in the simultaneous-track method,
consider only angle variations.

Table 1 Cosine precisions resolvable by ephemeris method (zenith pass)

Satellite ERS-2 TOPEX LAGEOS GPS-35
Altitude, km 782 1340 5861 20,135
Ephemeris position uncertainty, m 1.47 0.69 0.22 5.96
Ephemeris coefficient, 1/m? 164 x 10714 56 x 10714 3x 107 0.2x 1071
Station position uncertainty, m 2 2 2 2
Station coefficient, 1/m? 206x 10714 82 x 107 11x 107  4x1071
Cosine uncertainty, purad at zenith 34 1.9 0.7 0.4
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From Eqgs. (26) and (27) obtain

Sm= (pc/,ox)[(E;THc) cose — (E;TEC) sin e sin

—(E”N,)sine cos | 8¢ + (o./p) [ (EE.) cos v

— (ETN.) siny] 8¢ cose (30)
sn=(p./p)[(NH,.) cose — (N E.) sine siny

— (NTN.)sine cos | 8¢ + (p./p) [ (NE.) cos ¢

— (NTN,)siny ] 8¢ cose 31

It would be straightforwardto rewrite these expressions as quadratic
sums, giving two explicit error relations under the assumption that
all of the errorsare uncorrelated. However, it provesto be convenient
to invert these equations to give the SLR angle variations in terms
of the direction cosine variations. The equations have the form

a a de om
Pe |91 12 _ (32)
Ps | 21 Ay BW cosée én
where the coefficients are defined by correspondencewith Egs. (30)
and (31). Then

Se 1 ps —apn, | |dm
Sy cose _A,o —a  ap én
where
A =ajay — apay (33)

Rewrite this pair of equations as quadratic sums:

@e)?=(1/AY (02 / p2)[ @3, 6m)* + aly6m?]  (34)
8¥)2cos’ e = (1/A%) (02 / p?) [, 5m)* + a2, (5m)*]  (35)

Now define the SLR total angular measurementerror §® by adding
these two component errors. Also, it is convenient to assign the
same nominal value to both direction cosine error components:
ém =4dn =45B. Then

(80)* = (88)> + (8Y)*cos’ e
,02 le + a2 + a2 +
— ( 11 12 21 )(Sﬂ)z

P 2(a11apn — a2a,)?

K (88)° (36)

Here the factors a;; are given by Eqs. (30-32), and the necessary
unit vectors are given by their definitions (2) and (16), as needed
for each station. If the squared eccentricity of the geodeticreference
ellipsoid is neglected compared to unity as before, then the form of
Eq. (17) applies for the topocentric basis vectors at each station.

Equation (36) gives the SLR angular measurement precision that
is equivalent to a given direction cosine precision on a given satel-
lite pass. It approximatesthe largest SLR angular precision that can
be used to calibrate the direction cosines to a given nominal preci-
sion, or the direction cosine error level that can be resolved with a
given SLR facility. The relation implies that large values of K are
desirable for calibration by the simultaneous-track method, if there
are no other considerations. The reason s that the resolvable cosine
precision is less sensitive to SLR angular measurement precision,
in that case.

The coefficient K is ultimately a function of Fence station posi-
tion, SLR station position and satellite position so that it is strongly
dependent on sighting geometry. The functional dependence on
these positions is too complicated to allow easy analytical char-
acterization. However, it is worth noting that if the Fence station
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and the SLR station are exactly co-located, then the coefficient K
reduces to a simple function of elevation angle:

1
(80)? = (8¢)% + (8y)? cos’ & = + sin’ ¢

—— 6B (3D

This can be proven straightforwardly from the preceding equa-
tions, and the result is intuitively plausible. It says that, for given
cosine precision,the requirementon angularmeasurementprecision
is most stringent at zenith and least stringent near the horizon. In
other words, the best cosine calibration precision is obtained at the
lowest usable elevation, if there are no other considerationssuch as
the deleterious effects of the atmosphere.

Figures 2-5 show K as a function of longitude, elevation as seen
from the Fence receiver site, or calibratorlatitude. These graphs are
essentially engineering tools, which give insight into the extent to
which the laser divergence and system pointing accuracy must be
refined for a given calibrator and fence sensor location.

Figure 2 shows values of K plotted vs longitude for some real
satellitepassesusedin previouswork.! In these cases the SLR station
was the Naval Research Laboratory’s systemintegratedon the 3.5-m
telescope at Starfire Optical Range (NRL@SOR) at Kirtland Air
Force Base, New Mexico, longitude approximately 254° (Ref. 7).
This site is only about 150 km north of the Elephant Butte receiver
station, so that most Fence passes visible at Elephant Butte were
also visible at NRL@SOR.

The figure indicates that the value of the factor K is indeed
highly pass dependent. The implication is that simultaneous-track
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calibration has to be carefully planned and suitable passes selected
well in advance of the data collection. Sufficiently large values of
K may occur infrequently for given station locations and given tar-
get satellites. In particular, NRL@SOR used a beam divergence
half-angle of 50 purad. The host telescope had a nominal boresight
pointing uncertainty at least an order of magnitude smaller than this,
about one arcsecond, so that the SLR angular measurement uncer-
tainty was almostentirely caused by beam divergence.Equation (36)
indicates that if Fence cosines were to be calibrated to the assumed
noise floor of 1073 using these passes, then the factor K would have
to be at least 25. Of the real passes shown in Fig. 2, most did not
meet this criterion. However, usable passes occurred often enough
that they could have been considered as “targets of opportunity” to
support calibration adjustments of Fence field station equipment.

Figure 3 shows values of K plotted vs longitude of Fence crossing
for a simulated pass of a hypothetical target detected in the Fence
plane at an altitude of 1000 km. The NRL@SOR coordinates were
used for the SLR calibrator. The sensorlocations were the six Fence
receivers, which are named in the legend of the figure. Assuming
a beam divergence half-angle of 50 urad, the proportion of usable
passes (K > 25) turns out to be approximately the same as for the
small sample of real passes shown in Fig. 2. Also, as with the real
dataset, it is clear that many more passes would become usable for
simultaneous-track calibration if a smaller beam divergence were
used.

Other features of the simulated pass data are shown in Figs. 4
and 5. Figure 4 plots values of K vs elevation angle seen at Fence
receivers, which has been labeled “apparent elevation angle.” The
trend is for usable passes to occur at low Fence elevations. In fact,
the largest values of K usually do occur when the target is close
to the SLR site and far from the Fence receiver site, a consequence

of the way the two ranges enter into Eq. (36). Because both stations
are on the surface of the Earth, the Fence station necessarily sees
the target at low elevation angles. In practice, Fence measurements
are made down to about 5-deg elevation, and most of the simulated
passes with K > 25 occurred near this lower limit. In this plot the
advantage of using a smaller beam divergence is apparent because
many more passes would become candidates for simultaneous-track
calibration.

Figure 5 shows the effect of moving the SLR station to different
sites relative to the Fence stations. In this case the simulated SLR
station always had the same longitudeas NRL@SOR butwas placed
at differentlatitudes north of the nominal Fence latitude of 33°. The
simulation shows thatthere is some advantagein having the SLR site
near the Fence plane if simultaneous-trackcalibrationis to be done.
The extentof the advantageforreal target satellites would have to be
examined on a case-by-casebasis because real target passes through
the Fence are not distributed uniformly in longitude. These results
indicate that it is co-location with respect to the Fence plane rather
than to the receivers themselves that provides more opportunities
for sufficiently precise calibration.

V. SLR Angular Measurement Error

The analysis for simultaneous-track calibration raises the gen-
eral question of how precisely SLR systems can measure angu-
lar position and therefore position in space. This question requires
some comment because most SLR applications are based solely on
precise range measurements, without regard for observing three-
dimensional position directly. Typically, the angular tracking pre-
cision has to be sufficient merely to guarantee that enough photo-
electrons will be available in the SLR receiver for a detection to be
made. The number of photoelectrons available Ny is given by the
link equation®:

2
Npe =15 Eo(ro/he)nr Gro (1/47p?) Agna T2T? (38)

For a beam with a Gaussian intensity profile, the transmitter gain
depends on two other factors:

Gr=(8/62)exp[—2{(86)*/62}] (39)

The quantity §6 is the nominal pointing uncertainty, resulting from
mechanically induced random variations (jitter) in the boresight
direction. The quantity 87 is the beam divergence half-angle.

The form of the gain equation indicates that, for a given pointing
uncertainty, there is some value of the beam divergence that max-
imizes the transmitter gain. The optimum beam divergence can be
found from the necessary condition:

dGr
=0 40
a0, (40)

The algebra is simplified if the intermediate variable p =1/63 is
defined so that Eq. (39) becomes

G =8pexp[—2(80)* p] 41)

Then the derivative is computed as

dGy _ dGy dp _ _ s
W, - dp & = {8exp[—2(56)~p]
2
—16p(86)* exp[—2(86)2p]}(—9—3) =0 (42)
T
8exp[—2(86)*p][1 — 2p(89)2](—6%) =0 (43)
T

For finite beam divergence angles only the middle factor can vanish.
Therefore, the gain-optimum value of beam divergence half-angle
is

0 =250 (44)
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Fig. 6 SLR transmitter gain vs beam divergence half-angle for various boresight pointing errors.

and the optimum gain is
G =8/2(50) =8/ e(67)’ (45)

where e is the base of natural logarithms.

If the objective of the laser tracking is to guarantee detection and
measure precise ranges, there is little reason to use a beam diver-
gence of less than the optimum value. However, if the objective
were to measure position directly, then one would like to have the
smallest beam divergence that still produces a usable gain. The rea-
son is that the angular measurement precision depends on both the
pointing uncertainty and the beam divergence:

(80)* = (8e)* + (8¥)* cos’ e = (80)* + 07 (46)

This relation expresses the fact that, even with perfect pointing, one
still does not know where in the beam the detection is made. At
the gain-optimum value of beam divergence, the total angular mea-
surement variance is three times the boresight pointing variance.
For beam divergences above the gain-optimum value, one can im-
prove both the gain and the total angular measurement variance by
reducing the divergence. Below the gain-optimum value, reducing
the beam divergence involves a tradeoff between gain and angular
measurement variance. This tradeoff is illustrated for typical SLR
systems in Fig. 6. For beam divergences below the gain-optimum
value, reducing the beam divergence also reduces the gain, mak-
ing the likelihood of detection smaller. The decreased probability
of detection is the main reason why SLR tracking with very small
beam divergences is difficult to accomplish in practice. Moreover,
with very small beam divergences other operational problems can
arise. In particular, the energy density of the beam might exceed a
threshold for interference or damage to systems on the target satel-
lite or even on other satellites that inadvertently cross the beam. In
the latter case laser clearinghouse restrictions would constrain the
times and directions for which narrow-beam illumination could be
attempted.

Finally, it may be remarked that the boresight pointing variance
is typically difficult to measure in real time. However, if the beam
divergence could be changed accurately during a pass, then in prin-
ciple it would be possible to estimate an effective value of the point-
ing variance (e.g., including atmospheric effects) by simple photon
counting. Suppose the number of photoelectronsis measured at two
different points in the pass using two different values of the trans-
mitter gain. The link equation (38) evaluated at each point results
in the ratio

Npel/Npez=(GT1/GT2)(,0:2/,0:1) 47)

assuming that all of the other factors are the same at both points.
The ratio of gains is

Gr1/Gro = (07./0,) exp [-207° (1/07, = 1/67,)]  (48)

assuming the beam intensity profile is Gaussian. The only unknown
parameterin these two relations is the pointing variance. In practice,
of course, changing the beam divergence between two accurately
known values during a single pass can be technically challenging
and would probably upset the laser system calibrations needed for
precise ranging. However, if the objective is only to estimate effec-
tive pointing variance, then preciserange measurementson the order
of a centimetermay notbe needed. Even slantranges computed from
the nominal target ephemeris should be sufficiently accurate.

V1. Conclusions

In this paper a linearized error analysis has been developed to
compare methods of calibration of the Naval Space Surveillance
System (Fence). Ithasbeen verified that postfit satellite ephemerides
derived from high-precision laser-ranging data can produce a cal-
ibration precision, over a wide range of satellite altitudes, that is
well below the present noise floor of the Fence-measured direction
cosines. In previous work it was found empirically that the level of
cosine error estimated to be resolvable by the ephemeris method
was below the noise floor of 10 prad at zenith. In the present work
these results are confirmed analytically. Simple geometric measure-
ment models have been used to derive explicit formulas relating
the precision of calibration reference data to the smallest resolv-
able direction-cosine errors for the Fence. The analysis includes
the effects of pass geometry, ephemeris position uncertainty, and
Fence station location uncertainty on the calibration precision. It
was found that zenith passes over a Fence station whose data is
to be calibrated produces the worst-case calibration precision, on
average, over many randomly distributed passes. This fact allows
ephemeris-based calibration requirements to be approximated by a
very simple formula [Eq. (19)].

Also examined is a method of calibrating Fence direction cosines
by direct comparison with simultaneous laser ranging data. Specif-
ically, if a sufficiently precise three-dimensionalposition of a satel-
lite can be computed directly from SLR ranges and telescope angles
measured as the satellite crosses the Fence, then one can consider
a near real-time comparison of Fence data with simultaneous SLR
data, without the complexities of high-precision orbit determina-
tion. In this method the attainable calibration precision is strongly
dependent on pass geometry at both the laser station and the Fence
station, and no general “worst case” is apparent. The implication is
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that simultaneous-track calibration has to be carefully planned and
suitable passes selected well in advance of the data collection. When
only the total angular measurement uncertainty of the laser ranging
system is considered, that uncertainty is found to be directly pro-
portionalto the smallestresolvabledirectioncosine uncertainty. The
proportionality factor contains all of the effects of pass geometry at
both stations and provides a convenient scalar criterion for accept-
ing or rejecting a candidate pass for simultaneous-trackcalibration.
Some insight has been gained into the question of how important
itis to have the SLR calibrator co-located with a Fence receiver in
order to do simultaneous-track calibration. Numerical results with
bothreal and simulated satellite passes indicate that it is co-location
with respect to the Fence plane rather than to the receiver sites
themselves that provides more opportunities for sufficiently precise
calibration.

The simultaneous-track approach to Fence calibration raises
the question of how well SLR systems can measure positions in
space. The ability of most laser ranging systems to estimate three-
dimensionalssatellite position directly (without orbit determination)
is limited by the total angular measurement precision. In turn,
the total angular measurement precision is usually dominated by
uncertainties caused by the beam divergence angle. For a laser-
ranging system having fixed boresight pointing uncertainty and
a Gaussian beam intensity profile, there is an optimum value of
beam divergence that maximizes the gain, or, equivalently, the de-
tectable number of photons. At the gain-optimum value of beam
divergence, the total angular measurement variance is three times
the boresight pointing variance. For beam divergence values above
the gain-optimum value, one can improve both the gain and the
total angular measurement uncertainty by reducing the beam di-
vergence. For beam divergences below the gain-optimum value,
the total angular measurement uncertainty can still be reduced

by decreasing the beam divergence but at the cost of lower gain.
Consequently, for a given laser-ranging system, the achievable to-
tal angular measurement precision is fixed by the combination
of boresight pointing uncertainty and lowest usable transmitter
gain.
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