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The Naval Space Surveillance System is a network of radio frequency interferometer stations designed to detect
satellites. Angular metric data from the system are used in real time to update the catalog of known space objects
maintained by the U.S. Air Force and Naval components of United States Space Command. For many years the
system has operated with a near real-time calibration of the detector electronics but without a rigorous tie to an
external reference frame. One way to establish such a tie is by comparing system measurements with data derived
by satellite laser ranging. In principle, public-domain laser ranging data on geodetic satellites can always be used
to generate a few high-precision reference orbits whose ephemerides can be compared with surveillance measure-
ments. In the right circumstances special laser tracking data on any suitable satellite can be taken simultaneously
with surveillance measurements and compared directly. Both approaches offer bene� t to space surveillance oper-
ations, and both have been demonstrated in previous work. This analysis initiates the analytical investigation of
how precisely errors can be resolved in the surveillance measurements, using laser ranging derived data. Equa-
tions are presented, which relate Naval space surveillance uncertainties to reference data uncertainties in explicit
terms. Simple geometric measurement models are considered, rather than detailed physical measurement models,
in order to provide fundamentalunderstanding of how errors transform in the two types of calibration considered.
The resulting formulas are suitable for deriving calibration requirements and simpli� ed error budgets, either
analytically or by numerical simulation.

Nomenclature
A = azimuth of surveillance station

measurement frame
AR = satellite laser-ranging (SLR) receiver telescope area
c = speed of light
Ec = local east unit vector at calibration station
Es = local east unit vector at surveillance station
E0

s = local east unit vector in surveillance measurement
frame

E0 = energy in transmitted laser pulse
e = eccentricity of geodetic reference

ellipsoid; also, base of natural logarithms
GT = SLR transmitter gain
G¤

T = optimum SLR transmitter gain
Hc = geodetic local vertical unit vector at calibration station
Hs = geodetic local vertical unit vector at surveillance station
H0

s = local vertical unit vector in surveillance measurement
frame

h = Planck’s constant
K = proportionalityconstant in simultaneous-trackvariance

relation
k = north polar unit vector
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m = east–west direction cosine in surveillance measurement
frame

Nc = local north unit vector at calibration station
Npe = number of photoelectronsavailable in laser-ranging

detector
Ns = local north unit vector at surveillance station
N0

s = local north unit vector in
surveillance measurement frame

n = north–south direction cosine in
surveillance measurement frame

Rc = calibration station position
Rs = distance from geocenter to surveillance station position
Rs = surveillance station position, .Xs; Ys; Z s/

T

r = satellite position, .x; y; z/T

Ta = SLR one-way atmospheric transmission factor
Tc = SLR one-way cirrus cloud transmission factor
t = observation time at surveillancestation
uc = line-of-sightunit vector from calibration station

to satellite
us = line-of-sightunit vector from surveillance station

to satellite
±E = nominal position uncertainty in satellite reference

ephemeris
±m = uncertainty in surveillance east–west direction cosine
±n = uncertainty in surveillance north–south direction cosine
±S = nominal position uncertainty in

surveillance station location
±¯ = nominal surveillancedirection-cosineuncertainty
±" = uncertainty in SLR-measured elevation angle
±2 = SLR total angular measurement uncertainty
±µ = nominal SLR boresight pointing uncertainty (jitter)
±Ã = uncertainty in SLR-measured azimuth
" = elevation angle of satellite at calibration station
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´D = quantum ef� ciency of laser-rangingdetector
´R = SLR receiver ef� ciency
´T = SLR transmitter ef� ciency
µT = SLR beam divergence half-angle
µ¤

T = gain-optimum SLR beam divergence half-angle
¸ = longitude of surveillance station
¸0 = wavelength of laser
½c = slant range between calibration station and satellite
½s = slant range between surveillance station and satellite
¾ = laser target apparent cross-sectionalarea
Á = geodetic latitude of surveillance station
Ã = azimuth of satellite at calibration station

I. Introduction

S URVEILLANCE of spaceby theNaval Space SurveillanceSys-
tem, commonly known as the Fence, and by two dozen other

U.S. Army and U.S. Air Force tracking systems is the primary way
United States Space Command maintains comprehensivespace sit-
uational awareness.The Fence is unique in the inventory of surveil-
lance assets and contributes a large share of the observationalbase
for the catalog of trackable space objects. About 80% of all known
space objects eventuallymake detectablepasses through its � eld of
view, including 87% of all satellites having orbital periods below
1100 min.

In essence, the Fence is a multistaticcontinuous-waveradar inter-
ferometerconsistingof three transmittersand six receiversdeployed
on a great-circle arc across the southern United States. The station
beam patterns overlap in such a way that all detections and mea-
surements are made close to the nominal great-circle plane, which
is inclined at 33 deg to the equator. Some details about the system
can be found in Ref. 1. The Fence system as a whole detects about
22,000 satellite passes daily, a number determined mainly by the
orbital kinematics of the current population of about 9500 track-
able space objects. On average, each pass through the Fence plane
is illuminated by two transmitters and detected by four receivers.
The result is that more than 160,000satellitedetectionsare recorded
daily. For each detection raw signal phase and amplitude measure-
ments from each receiver are processedby means of interferometric
algorithms into a pair of directioncosines giving the apparentangu-
lar position of the target. The detectionsare made, and the direction
cosines are producedwithout any a priori knowledge of the satellite
population. Subsequently, the cosines are associated with known
space objects in real time.

Traditionally, the Fence data quality has been assessed in terms
of statistics on cosine residuals computed with Brouwer-type mean
elements for the cataloged orbits. By this measure, the nominal
cosine precision is about 0.0002 in rms sense. Additionally,internal
phase calibration of the antenna and detector electronics, applied
every 30 min, provides a measure of the apparent noise � oor of the
metric data. This value is approximately 0.00001 rms in units of
direction cosine (10 ¹rad on a zenith pass) and is believed to be
almost constant over time.

The dif� culty with these statistics is that they do not provide a
true assessment of Fence metric performance.The cataloged mean
elements are derived from general perturbationorbit models whose
known errors are larger than the expected random measurement er-
rors in the Fence system. Moreover, the rms statisticdoes not distin-
guish systematic from random errors. The internal calibration does
compensate for some systematiceffectsas a result of localizedenvi-
ronmentaland physicalchangesin the antennaand receiversystems,
but cannot provide any measure of absolute system accuracy.Previ-
ous results with Fence data show that surveillance data calibration,
togetherwith orbitmodel improvements,does permit more accurate
orbit solutionsfor the space catalog.2 However, a true assessmentof
Fence accuracy and precision can be obtained on a practical basis
using satellite laser ranging (SLR). The presentwork describeshow
precisely Fence data can be calibrated using SLR techniques.

II. Two SLR-Based Calibration Methods
Two differentmethods of calibratingFence data have been inves-

tigated.The advantagesand limitationsof each havebeen discussed

in Ref. 3 in terms of precision and space surveillance operational
needs and are summarized here.

A. Ephemeris Method
The public availability of globally distributed, SLR data for sci-

enti� c payloadsat different altitudesmakes possible the continuous
productionof high-precisionreference ephemeridesfor these satel-
lites. For example, geodetic work sometimes requires satellite posi-
tions to be estimated a posteriori to within several centimeters in an
Earth-� xed frame. However, any ephemerides with position errors
of as large as 10 m are potentiallyuseful for calibratingpresent-day
spacesurveillancemeasurements,as long as theycan be interpolated
to the times of the surveillanceobservationsof those objects.Use of
post� t ephemeridesof SLR-tracked satellitesfor Fence data calibra-
tion is now being implemented for surveillance operations because
of the reliability with which continuous, high-precision reference
orbits can be produced. One disadvantage of the post� t ephemeris
method is that there is a latency of about three days in the reference
data. Given the present-day capacity of SLR tracking systems, this
lag is necessary if known and nearlyuniformephemeris quality is to
be maintained for referencesatellitesover a wide range of altitudes.
Real-time calibration would be possible if prediction ephemerides
were used.However, predictionephemeridesare not now beingpro-
posed for operationalFence data calibrationbecause the calibration
precision would be poorly known.

B. Simultaneous-Track Method
An alternative to using prediction ephemerides for calibration

is to make SLR measurements of a target simultaneously with the
surveillance measurements and comparing these data directly. The
proximityof anSLR site to a Fence receivermeans that satelliteswill
often be in common view of both stations. If a suf� ciently precise
three-dimensional position of a satellite can be computed directly
from SLR ranges and measured telescope angles as it crosses the
Fence, then a near real-time comparison of Fence data with simul-
taneous SLR data can be made without the complexities of high-
precision orbit determination.This type of comparison might serve
as an occasionalspot-checkcalibrationand couldaid in making cer-
tain equipment adjustments at the Fence stations. A key question,
which has been raised in previouswork,1 is whether co-locating the
SLR station with a Fence station bene� ts this type of calibration.
Also, the practicality of simultaneous-trackcalibration depends on
at least two other factors:

1) Tasking: SLR operations are sensitive to weather, which can
affect yield over a site. Additionally, existing SLR facilities often
have competing missions to accomplish.

2) Precision of SLR and telescope-derived position: With most
SLR systems, because of beam divergence coupled with boresight
pointing errors, the position uncertainty is almost entirely caused
by uncertainty in the SLR measured angles.

III. Precision of Ephemeris Method
Each Fence receiverstation contributesa pair of directioncosines

reckoned in the local horizontal plane as de� ned next. The geo-
metrical relationbetween satellite position r D .x; y; z/T and Fence
direction cosines measured at the same time at one of the Fence
receiver stations is

r D Rs C us ½s (1)

where½s is the slant rangebetween the Fence stationand the satellite
(Fig. 1). It is assumed that light-time correctionhas been taken into
account in obtaining the satellite positionfrom the ephemeris: given
a Fenceobservationreckonedat time t , the correspondingephemeris
time is t ½s =c. The local topocentric frame at the Fence station is
de� ned by an orthonormal vector basis .Hs; Es; Ns/, representing
the local geodetic vertical (positive up), local east, and local north
directions, respectively.An azimuth rotation around the local verti-
cal through angle A, positive east of north, de� nes the Fence local
frame .H0

s; E0
s ; N0

s/ in which the direction cosines are reckoned:

H0
s D Hs ; E0

s D Es cos A Ns sin A

N0
s D Es sin A C Ns cos A (2)
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Fig. 1 Sighting geometry for simultaneous-track calibration.

Then

us D
p

1 m2 n2H0
s C mE0

s C nN0
s (3)

where m and n are the nominal Fence observables.From Eq. (1) the
line-of-sightunit vector is equal to

us D .1=½s/.r Rs/ (4)

so that the components of interest are

m D .1=½s/E0T
s .r Rs/; n D .1=½s/N0T

s .r Rs / (5)

Now consider variations of m and n with respect to variations in
ephemeris position and station position.Conceptually,m D f .x; y;
z; Xs ; Ys; Zs/ so that

±m D
@ f

@x
±x C

@ f

@y
±y C

@ f

@z
±z C

@ f

@ X s
±Xs C

@ f

@Ys
±Ys C

@ f

@ Zs
±Zs

(6)

For an approximate error analysis assume that all variations on the
right-hand side are uncorrelatedso that their net effect is described
by a quadratic sum4;5:

.±m/2 D
³

@ f

@x

´2

.±x/2 C
³

@ f

@y

´2

.±y/2 C
³

@ f

@z

´2

.±z/2

C
³

@ f

@ X s

´2

.±X s/
2 C

³
@ f

@Ys

´2

.±Ys/
2 C

³
@ f

@ Z s

´2

.± Zs/
2 (7)

There is some freedom in how the variations in this linearized
error description are interpreted. For example, each squared vari-
ation can be taken as the variance (squared standard deviation) of
the quantity, when it is convenient to do so. For now, this expres-
sion can be simpli� ed by assigning the same nominal value to each
component of ephemeris error, and likewise for each component of
station location error:

±x D ±y D ±z D ±E; ±Xs D ±Ys D ±Zs D ±S (8)

so that Eq. (7) can be written as

.±m/2 D @ f

@r

³
@ f

@r

´T

.±E /2 C @ f

@Rs

³
@ f

@Rs

´T

.±S/2 (9)

Given nominal errors in the ephemeris and station location, this
formula gives the correspondingerror in east–west directioncosine.
This cosineerror is the smallest that can be resolvedby comparisons
with the reference ephemeris. In practice, correlations always exist
among the components of position error, and so some contributions

to the cosineerrormagnitudeare omitted fromEq. (7). However, the
nominal position errors in Eq. (9) can be chosen to try to make up
for that omission. In many real cases the correlation terms missing
from a general error formula like Eq. (7) are not well known so that
one has to make some conservativeassumptions about the nominal
errors in order to arrive at useful results.

Although the concept is simple, obtaining explicit expressions
for the gradients and their inner products involves some algebraic
manipulation.The steps are as follows. The functional form of m is
given by Eq. (5) as f D g.r; Rs; ½s; E0

s/; therefore, the chain rule is
used:

@ f

@r
D @g

@r
C @g

@½s

@½s

@r
D 1

½s
E0T

s

C
µ

1

½2
s

E0T
s .r Rs/

¶
@½s

@r
D

1

½s
E0T

s

m

½s

@½s

@r
(10)

Squaring Eq. (1), obtain ½2
s D .r Rs/

T .r Rs/, and by differenti-
ation

@½s

@r
D 1

½s
.r Rs/

T (11)

Then Eq. (10) becomes

@ f

@r
D 1

½s
E0T

s

1
½2

s

m.r Rs /
T (12)

and the coef� cient of nominal ephemeris error is

@ f

@r

³
@ f

@r

´T

D 1

½2
s

.1 m2/ (13)

The gradient with respect to Fence station position is more compli-
cated. The chain rule is

@ f

@Rs
D

@g

@Rs
C

@g

@½s

@½s

@Rs
C

@g

@E0
s

@E0
s

@Rs

(14)

so that

@ f

@Rs
D 1

½s
E0T

s C 1
½2

s

m .r Rs/
T C 1

½s
.r Rs/

T @E0
s

@Rs

(15)

Most of the complication occurs in the latter partial derivative
(Jacobian matrix). The Fence local east unit vector depends on
the local topocentric basis vectors, as shown in Eq. (2). The lo-
cal topocentricbasis vectors are functionsof station position via the
de� nitions

Hs D .cos’ cos ¸; cos ’ sin ¸; sin ’/T

Es D . sin ¸; cos ¸; 0/T

Ns D . sin ’ cos¸; sin ’ sin ¸; cos ’/T (16)

where ’ is the geodetic latitude. If the squared eccentricity of the
geodeticreferenceellipsoidisneglectedcomparedto unity,a relative
error of less than 1% is introduced in the last term of Eq. (15),
namely, e2 D 0:006694, approximately.6 This approximationallows
the local topocentricbasis vectors to be expressed in simple explicit
terms of station position:

Hs D kRsk 1Rs ; Es D kk £ Hsk 1k £ Hs; Ns D Hs £ Es

(17)

where k constant in an Earth-� xed frame. The chain rule is now
straightforward though lengthy. The � nal result, the coef� cient of
nominal station position error in Eq. (9), is
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@ f

@Rs

³
@ f

@Rs

´T

D 1
½2

s

.1 m2/ C 2.1 m2/
p

1 m2 n2

½s Rs

C 1 m2 n2

R2
s

C
n sin ’

½s Rs cos ’

µ
2 cos A C 2m.m cos A

C n sin A/ C ½s

Rs cos’

¡
n sin ’ 2 cos ’ cos A

p
1 m2 n2

¢¶

(18)

where Rs D kRs k.
The special case of zenith pass over a Fence station (m D n D 0)

is instructive because Eqs. (13) and (18) reduce to simple forms:

@ f

@r

³
@ f

@r

´T

D
1

½2
s

;
@ f

@Rs

³
@ f

@Rs

´T

D
³

1

½s
C

1
Rs

´2

(19)

Moreover, inspection of the full expressions (13) and (18) shows
that the � rst three terms of Eq. (18), which are always positive, take
their maximum values on a zenith pass. The remaining terms have a
factor that is proportionalto one of the cosines, and so the terms will
be sometimes positive and sometimes negative, depending on the
pass geometry. Hence, for a set of many passes, randomly selected,
the zenith passes will tend to be the worst case for the ephemeris-
methodcalibrationprecision.This factmakes the simplezenith-pass
formulasusefulforquicklyestimatingcalibrationrequirements.The
“worst of the worst” cases will be, on average, low-altitude zenith
passesover a station(½s ¿ Rs ), for which the ephemerisuncertainty
and the station location uncertainty affect the resolvable east–west
cosine error in almost the same way.

Some representativenumericalresults for the zenithcaseare sum-
marized in Table 1. Nominal satellite altitudes have been used for
four real calibration candidates, slant ranges have been set equal
to altitude, and station position magnitudes have been set equal to
the Earth equatorial radius of 6,378,137.0 m. A nominal station
location uncertainty of 2 m has been assigned as representative of
surveyprecisionfor existingFence stations.Nominal ephemerisun-
certainties have been taken from previous work.3 These ephemeris
uncertaintiesare typicalof “quick-look”three-day� t precisions that
are expected in referencedata for Fence calibration.For all four ex-
ample satellites the level of cosine error estimated to be resolvable
by the ephemeris method is well below the current system noise
� oor of 10-¹rad standard deviation at zenith.

The analysis for north–south directioncosine proceeds in exactly
the same way. An error relation analogous to Eq. (9) is developed,
using the functional form of n given in Eq. (5):

.±n/2 D @ f 0

@r

³
@ f 0

@r

´T

.±E/2 C @ f 0

@Rs

³
@ f 0

@Rs

´T

.±S/2 (20)

The coef� cients turn out to be

@ f 0

@r

³
@ f 0

@r

´T

D 1

½2
s

.1 n2/ (21)

Table 1 Cosine precisions resolvable by ephemeris method (zenith pass)

Satellite ERS-2 TOPEX LAGEOS GPS-35

Altitude, km 782 1340 5861 20,135
Ephemeris position uncertainty, m 1.47 0.69 0.22 5.96
Ephemeris coef� cient, 1/m2 164£ 10 14 56 £ 10 14 3 £ 10 14 0:2 £ 10 14

Station position uncertainty, m 2 2 2 2
Station coef� cient, 1/m2 206£ 10 14 82 £ 10 14 11 £ 10 14 4 £ 10 14

Cosine uncertainty, ¹rad at zenith 3.4 1.9 0.7 0.4

and

@ f 0

@Rs

³
@ f 0

@Rs

´T

D 1

½2
s

.1 n2/ C 2.1 n2/
p

1 m2 n2

½s Rs

C
1 m2 n2

R2
s

C
m sin ’

½s Rs cos ’

µ
C 2 sin A 2n.m cos A

C n sin A/ C
½s

Rs cos ’

¡
m sin ’ C 2 cos’ sin A

p
1 m2 n2

¢¶

(22)

These formulas reduce to the same form as Eq. (19) for a zenith
pass, and otherwise have the same properties just mentioned.

IV. Precision of Simultaneous-Track Method
The basic geometrical relation between Fence direction cosines

and simultaneous SLR measurements is

Rc C uc½c D Rs C us ½s (23)

In terms of local topocentric basis vectors, as shown in Fig. 1, the
SLR line of sight is given by

uc D Hc sin " C Ec cos " sin Ã C Nc cos " cosÃ (24)

Solving Eq. (23) for the Fence measured line-of-sight unit vector,
obtain

us D .½c=½s /uc C .1=½s/.Rc Rs/ (25)

so that the components of interest are

m D .½c=½s/
£¡

E0T
s Hc

¢
sin" C

¡
E0T

s Ec

¢
cos" sinÃ

C
¡
E0T

s Nc

¢
cos" cos Ã

¤
C .1=½s /E0T

s .Rc Rs/ (26)

n D .½c=½s /
£¡

N0T
s Hc

¢
sin " C

¡
N0T

s Ec

¢
cos " sin Ã

C
¡
N0T

s Nc

¢
cos " cos Ã

¤
C .1=½s/N0T

s .Rc Rs / (27)

These expressions give the direction cosines in the functional form
m D f .uc; E0

s ; ½c; ½s; Rc; Rs /. Considering variations of the direc-
tion cosines with respect to variations in SLR measurements and
station locations, one needs the chain rules

@m

@½c
D @ f

@½c
;

@m

@"
D @ f

@uc

@uc

@"
;

@m

@Ã
D @ f

@uc

@uc

@Ã
(28)

@m

@Rs
D @ f

@Rs
C @ f

@½s

@½s

@Rs
C @ f

@E0
s

@E0
s

@Rs

@m

@Rc
D

@ f

@Rc
C

@ f

@½c

@½c

@Rc
C

@ f

@uc

@uc

@Rs

(29)

The variations with respect to station positions are lengthy expres-
sions, as before. However, the variations with respect to SLR mea-
surements are easy to derive. Moreover, the relative uncertainties
in measured angle are expected to be much larger than the relative
uncertainties in measured range for SLR systems. Therefore, for a
� rst investigation of the errors in the simultaneous-track method,
consider only angle variations.
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From Eqs. (26) and (27) obtain

±m D .½c=½s /
£¡

E0T
s Hc

¢
cos"

¡
E0T

s Ec

¢
sin " sin Ã

¡
E0T

s Nc

¢
sin " cos Ã

¤
±" C .½c=½s/

£¡
E0T

s Ec

¢
cos Ã

¡
E0T

s Nc

¢
sin Ã

¤
±Ã cos " (30)

±n D .½c=½s/
£¡

N0T
s Hc

¢
cos "

¡
N0T

s Ec

¢
sin" sinÃ

¡
N0T

s Nc

¢
sin" cos Ã

¤
±" C .½c=½s/

£¡
N0 T

s Ec

¢
cos Ã

¡
N0T

s Nc

¢
sinÃ

¤
±Ã cos " (31)

It would be straightforwardto rewrite these expressionsas quadratic
sums, giving two explicit error relations under the assumption that
all of theerrorsare uncorrelated.However, it provesto be convenient
to invert these equations to give the SLR angle variations in terms
of the direction cosine variations. The equations have the form

½c

½s

µ
a11 a12

a21 a22

¶ »
±"

±Ã cos"

¼
D

»
±m

±n

¼
(32)

where the coef� cients are de� ned by correspondencewith Eqs. (30)
and (31). Then

»
±"

±Ã cos "

¼
D 1

1

½s

½c

µ
a22 a12

a21 a11

¶ »
±m

±n

¼

where

1 D a11a22 a12a21 (33)

Rewrite this pair of equations as quadratic sums:

.±"/2 D .1=12/
¡
½2

s

¯
½2

c

¢£
a2

22.±m/2 C a2
12.±n/2

¤
(34)

.±Ã/2 cos2 " D .1=12/
¡
½2

s

¯
½2

c

¢£
a2

21.±m/2 C a2
11.±n/2

¤
(35)

Now de� ne the SLR total angularmeasurement error ±2 by adding
these two component errors. Also, it is convenient to assign the
same nominal value to both direction cosine error components:
±m D ±n D ±¯ . Then

.±2/2 D .±"/2 C .±Ã/2 cos2 "

D
½2

s

¡
a2

11 C a2
12 C a2

21 C a2
22

¢

½2
c .a11a22 a12a21/2

.±¯/2 D K .±¯/2 (36)

Here the factors ai j are given by Eqs. (30–32), and the necessary
unit vectors are given by their de� nitions (2) and (16), as needed
for each station. If the squaredeccentricityof the geodetic reference
ellipsoid is neglected compared to unity as before, then the form of
Eq. (17) applies for the topocentric basis vectors at each station.

Equation (36) gives the SLR angular measurementprecision that
is equivalent to a given direction cosine precision on a given satel-
lite pass. It approximatesthe largest SLR angular precision that can
be used to calibrate the direction cosines to a given nominal preci-
sion, or the direction cosine error level that can be resolved with a
given SLR facility. The relation implies that large values of K are
desirable for calibrationby the simultaneous-trackmethod, if there
are no other considerations.The reason is that the resolvable cosine
precision is less sensitive to SLR angular measurement precision,
in that case.

The coef� cient K is ultimately a function of Fence station posi-
tion, SLR station position and satellite position so that it is strongly
dependent on sighting geometry. The functional dependence on
these positions is too complicated to allow easy analytical char-
acterization. However, it is worth noting that if the Fence station

Fig. 2 Variance coef� cient K vs pass longitude (real data).

Fig. 3 Variance coef� cient K vs pass longitude (simulated data).

and the SLR station are exactly co-located, then the coef� cient K
reduces to a simple function of elevation angle:

.±2/2 D .±"/2 C .±Ã/2 cos2 " D 1 C sin2 "

sin2 "
.±¯/2 (37)

This can be proven straightforwardly from the preceding equa-
tions, and the result is intuitively plausible. It says that, for given
cosineprecision,the requirementon angularmeasurementprecision
is most stringent at zenith and least stringent near the horizon. In
other words, the best cosine calibration precision is obtained at the
lowest usable elevation, if there are no other considerationssuch as
the deleteriouseffects of the atmosphere.

Figures 2–5 show K as a function of longitude, elevation as seen
from the Fence receiver site, or calibrator latitude.These graphs are
essentially engineering tools, which give insight into the extent to
which the laser divergence and system pointing accuracy must be
re� ned for a given calibrator and fence sensor location.

Figure 2 shows values of K plotted vs longitude for some real
satellitepassesused in previouswork.1 In thesecases theSLR station
was theNavalResearchLaboratory’s systemintegratedon the3.5-m
telescope at Star� re Optical Range (NRL@SOR) at Kirtland Air
Force Base, New Mexico, longitude approximately 254± (Ref. 7).
This site is only about 150 km north of the Elephant Butte receiver
station, so that most Fence passes visible at Elephant Butte were
also visible at NRL@SOR.

The � gure indicates that the value of the factor K is indeed
highly pass dependent. The implication is that simultaneous-track
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Fig. 4 Variance coef� cient K vs apparent elevation angle as seen from
Fence receivers (simulated data).

Fig. 5 Variance coef� cient K vs apparent elevation angle for various
calibrator latitudes as seen from Fence receivers (simulated data).

calibration has to be carefully planned and suitable passes selected
well in advance of the data collection. Suf� ciently large values of
K may occur infrequently for given station locations and given tar-
get satellites. In particular, NRL@SOR used a beam divergence
half-angle of 50 ¹rad. The host telescope had a nominal boresight
pointinguncertaintyat least an orderof magnitudesmaller than this,
about one arcsecond, so that the SLR angular measurement uncer-
taintywas almostentirelycausedbybeamdivergence.Equation(36)
indicates that if Fence cosines were to be calibrated to the assumed
noise � oor of 10 5 using these passes, then the factor K would have
to be at least 25. Of the real passes shown in Fig. 2, most did not
meet this criterion. However, usable passes occurred often enough
that they could have been considered as “targets of opportunity” to
support calibration adjustments of Fence � eld station equipment.

Figure3 shows valuesof K plottedvs longitudeof Fence crossing
for a simulated pass of a hypothetical target detected in the Fence
plane at an altitude of 1000 km. The NRL@SOR coordinates were
used for the SLR calibrator.The sensor locationswere the six Fence
receivers, which are named in the legend of the � gure. Assuming
a beam divergence half-angle of 50 ¹rad, the proportion of usable
passes (K ¸ 25) turns out to be approximately the same as for the
small sample of real passes shown in Fig. 2. Also, as with the real
dataset, it is clear that many more passes would become usable for
simultaneous-track calibration if a smaller beam divergence were
used.

Other features of the simulated pass data are shown in Figs. 4
and 5. Figure 4 plots values of K vs elevation angle seen at Fence
receivers, which has been labeled “apparent elevation angle.” The
trend is for usable passes to occur at low Fence elevations. In fact,
the largest values of K usually do occur when the target is close
to the SLR site and far from the Fence receiver site, a consequence

of the way the two ranges enter into Eq. (36). Because both stations
are on the surface of the Earth, the Fence station necessarily sees
the target at low elevation angles. In practice, Fence measurements
are made down to about 5-deg elevation, and most of the simulated
passes with K ¸ 25 occurred near this lower limit. In this plot the
advantage of using a smaller beam divergence is apparent because
many more passeswould becomecandidatesfor simultaneous-track
calibration.

Figure 5 shows the effect of moving the SLR station to different
sites relative to the Fence stations. In this case the simulated SLR
stationalways had the same longitudeas NRL@SOR butwas placed
at different latitudes north of the nominal Fence latitude of 33±. The
simulationshows that there is someadvantagein having theSLR site
near the Fence plane if simultaneous-trackcalibration is to be done.
The extentof the advantagefor real target satelliteswould have to be
examinedon a case-by-casebasis because real targetpasses through
the Fence are not distributed uniformly in longitude. These results
indicate that it is co-location with respect to the Fence plane rather
than to the receivers themselves that provides more opportunities
for suf� ciently precise calibration.

V. SLR Angular Measurement Error
The analysis for simultaneous-track calibration raises the gen-

eral question of how precisely SLR systems can measure angu-
lar position and therefore position in space. This question requires
some comment because most SLR applicationsare based solely on
precise range measurements, without regard for observing three-
dimensional position directly. Typically, the angular tracking pre-
cision has to be suf� cient merely to guarantee that enough photo-
electrons will be available in the SLR receiver for a detection to be
made. The number of photoelectrons available Npe is given by the
link equation8:

Npe D ´D E0.¸0=hc/´T GT ¾
¡
1
¯

4¼½2
c

¢2
AR´R T 2

a T 2
c (38)

For a beam with a Gaussian intensity pro� le, the transmitter gain
depends on two other factors:
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¡
8
¯

µ 2
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¢
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¯
µ 2

T

ª¤
(39)

The quantity ±µ is the nominal pointing uncertainty, resulting from
mechanically induced random variations (jitter) in the boresight
direction. The quantity µT is the beam divergence half-angle.

The form of the gain equation indicates that, for a given pointing
uncertainty, there is some value of the beam divergence that max-
imizes the transmitter gain. The optimum beam divergence can be
found from the necessary condition:

dGT

dµT
D 0 (40)

The algebra is simpli� ed if the intermediate variable p D 1=µ 2
T is

de� ned so that Eq. (39) becomes

GT D 8p exp[ 2.±µ/2 p] (41)

Then the derivative is computed as

dGT

dµT
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For � nite beam divergenceanglesonly the middle factor can vanish.
Therefore, the gain-optimum value of beam divergence half-angle
is

µ¤
T D

p
2 ±µ (44)
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Fig. 6 SLR transmitter gain vs beam divergence half-angle for various boresight pointing errors.

and the optimum gain is

G¤
T D 8=2e.±µ/2 D 8

¯
e
¡
µ¤

T

¢2
(45)

where e is the base of natural logarithms.
If the objective of the laser tracking is to guarantee detection and

measure precise ranges, there is little reason to use a beam diver-
gence of less than the optimum value. However, if the objective
were to measure position directly, then one would like to have the
smallest beam divergence that still produces a usable gain. The rea-
son is that the angular measurement precision depends on both the
pointing uncertainty and the beam divergence:

.±2/2 D .±"/2 C .±Ã/2 cos2 " D .±µ /2 C µ 2
T (46)

This relation expresses the fact that, even with perfect pointing, one
still does not know where in the beam the detection is made. At
the gain-optimum value of beam divergence, the total angular mea-
surement variance is three times the boresight pointing variance.
For beam divergences above the gain-optimum value, one can im-
prove both the gain and the total angular measurement variance by
reducing the divergence. Below the gain-optimum value, reducing
the beam divergence involves a tradeoff between gain and angular
measurement variance. This tradeoff is illustrated for typical SLR
systems in Fig. 6. For beam divergences below the gain-optimum
value, reducing the beam divergence also reduces the gain, mak-
ing the likelihood of detection smaller. The decreased probability
of detection is the main reason why SLR tracking with very small
beam divergences is dif� cult to accomplish in practice. Moreover,
with very small beam divergences other operational problems can
arise. In particular, the energy density of the beam might exceed a
threshold for interference or damage to systems on the target satel-
lite or even on other satellites that inadvertently cross the beam. In
the latter case laser clearinghouse restrictions would constrain the
times and directions for which narrow-beam illumination could be
attempted.

Finally, it may be remarked that the boresight pointing variance
is typically dif� cult to measure in real time. However, if the beam
divergencecould be changed accuratelyduring a pass, then in prin-
ciple it would be possible to estimate an effectivevalue of the point-
ing variance (e.g., including atmospheric effects) by simple photon
counting.Suppose the number of photoelectronsis measured at two
different points in the pass using two different values of the trans-
mitter gain. The link equation (38) evaluated at each point results
in the ratio

Npe1=Npe2 D .GT 1=GT 2/
¡
½4

c2

¯
½4

c1

¢
(47)

assuming that all of the other factors are the same at both points.
The ratio of gains is

GT 1=GT 2 D
¡
µ 2

T 2

¯
µ 2

T 1

¢
exp

£
2.±µ/2

¡
1
¯

µ 2
T 1 1

¯
µ 2

T 2

¢¤
(48)

assuming the beam intensitypro� le is Gaussian.The only unknown
parameter in these two relations is the pointingvariance.In practice,
of course, changing the beam divergence between two accurately
known values during a single pass can be technically challenging
and would probably upset the laser system calibrations needed for
precise ranging. However, if the objective is only to estimate effec-
tive pointingvariance,thenpreciserangemeasurementson the order
of a centimetermay notbe needed.Even slant rangescomputedfrom
the nominal target ephemeris should be suf� ciently accurate.

VI. Conclusions
In this paper a linearized error analysis has been developed to

compare methods of calibration of the Naval Space Surveillance
System(Fence). It hasbeenveri� ed that post� t satelliteephemerides
derived from high-precision laser-ranging data can produce a cal-
ibration precision, over a wide range of satellite altitudes, that is
well below the present noise � oor of the Fence-measured direction
cosines. In previous work it was found empirically that the level of
cosine error estimated to be resolvable by the ephemeris method
was below the noise � oor of 10 ¹rad at zenith. In the present work
these results are con� rmed analytically.Simple geometricmeasure-
ment models have been used to derive explicit formulas relating
the precision of calibration reference data to the smallest resolv-
able direction-cosine errors for the Fence. The analysis includes
the effects of pass geometry, ephemeris position uncertainty, and
Fence station location uncertainty on the calibration precision. It
was found that zenith passes over a Fence station whose data is
to be calibrated produces the worst-case calibration precision, on
average, over many randomly distributed passes. This fact allows
ephemeris-basedcalibration requirements to be approximated by a
very simple formula [Eq. (19)].

Also examined is a method of calibratingFence directioncosines
by direct comparison with simultaneous laser ranging data. Specif-
ically, if a suf� ciently precise three-dimensionalposition of a satel-
lite can be computeddirectly from SLR rangesand telescopeangles
measured as the satellite crosses the Fence, then one can consider
a near real-time comparison of Fence data with simultaneous SLR
data, without the complexities of high-precision orbit determina-
tion. In this method the attainable calibration precision is strongly
dependent on pass geometry at both the laser station and the Fence
station, and no general “worst case” is apparent. The implication is
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that simultaneous-trackcalibration has to be carefully planned and
suitablepasses selectedwell in advanceof the data collection.When
only the total angular measurement uncertaintyof the laser ranging
system is considered, that uncertainty is found to be directly pro-
portionalto the smallest resolvabledirectioncosineuncertainty.The
proportionalityfactor contains all of the effects of pass geometry at
both stations and provides a convenient scalar criterion for accept-
ing or rejectinga candidate pass for simultaneous-trackcalibration.
Some insight has been gained into the question of how important
it is to have the SLR calibrator co-located with a Fence receiver in
order to do simultaneous-trackcalibration. Numerical results with
both real and simulated satellite passes indicate that it is co-location
with respect to the Fence plane rather than to the receiver sites
themselves that provides more opportunitiesfor suf� ciently precise
calibration.

The simultaneous-track approach to Fence calibration raises
the question of how well SLR systems can measure positions in
space. The ability of most laser ranging systems to estimate three-
dimensionalsatellite positiondirectly (without orbit determination)
is limited by the total angular measurement precision. In turn,
the total angular measurement precision is usually dominated by
uncertainties caused by the beam divergence angle. For a laser-
ranging system having � xed boresight pointing uncertainty and
a Gaussian beam intensity pro� le, there is an optimum value of
beam divergence that maximizes the gain, or, equivalently, the de-
tectable number of photons. At the gain-optimum value of beam
divergence, the total angular measurement variance is three times
the boresight pointing variance. For beam divergence values above
the gain-optimum value, one can improve both the gain and the
total angular measurement uncertainty by reducing the beam di-
vergence. For beam divergences below the gain-optimum value,
the total angular measurement uncertainty can still be reduced

by decreasing the beam divergence but at the cost of lower gain.
Consequently, for a given laser-ranging system, the achievable to-
tal angular measurement precision is � xed by the combination
of boresight pointing uncertainty and lowest usable transmitter
gain.
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